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STRUCTURALISM 
 
‘Structuralism’: a position in the philosophy of mathematics whose starting point is the 
thought that (in some sense) mathematics is about structure (as opposed, in some sense, 
to being about the particular natures of objects).  
 

Varieties of structuralism: 
 

• ante rem: i.e., structures exist ‘prior to, and independent of, any exemplifications 
they have in the non-mathematical world’ (p. 108). 

• in re: structures exist ‘only in the systems that exemplify them’ (p. 108).  
• eliminativist: talk of structures is to be paraphrased away.  

 

For example, one version of the last variety (Hellman’s ‘modal eliminative 
structuralism’) has it that in mathematics we are talking about possible systems of objects 
(e.g., in number theory, we would be talking about natural-number-style structured 
systems of objects, and in set theory we would be talking about ZF-style structured 
systems of objects, etc.).  
 

Shapiro: ante rem structuralism. This version of structuralism is presumably a form of 
platonism (i.e., it is a view on which mathematical objects exist and are abstract objects).  
 
Shapiro motivates this view using a famous argument of Benacerraf’s. Benacerraf 
continues two opposing views about what numbers are: one, identifying them with Ø, 
{Ø}, {Ø, {Ø}}, etc.; another, identifying them with Ø, {Ø}, {{Ø}}, etc. He suggests that 
it would be arbitrary to insist on one identification over the other, and concludes (!!) that 
numbers are not objects. Rather, he thinks, when mathematicians appear to be talking 
about numbers they are really talking about all possible systems of objects with a certain 
structure (a version of eliminative structuralism).  
 

Shapiro thinks that a better response to the arbitrariness worry is his ante rem 
structuralism. The idea is that there is such a thing as the natural number structure (an 
abstract object); and when we do number theory we are talking about this structure and 
its places. Thus, the number 0 is a certain ‘place’ in this structure, as are 1, 2, etc.  
 

More generally, Shapiro says that there are ‘two ontological categories: structures and 
places’ (p. 113).  
 

(I must admit I am not sure I understand why he says that: doesn’t the natural number 
structure (say) need not only places but also functions and relations? E.g., the successor 
and addition functions, and the greater than relation? Perhaps we will return to this…)  
 
Why is this a version of structuralism (or a distinctive form of platonism)? The basic idea 
is that (according to this view) ‘there is no more to’ these objects (e.g., numbers) than 
their structural properties.  
 

But what does this really come to?  
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• No non-structural properties? No: properties like being the number of states in the 
union.  

• Adding ‘necessary’ or ‘mathematical’ won’t help either.  
• ‘Essential’? Apparently not: abstract; having no essential non-structural 

properties?  
 

An alternative:  
 

(i) a given natural number, like 2, is uniquely characterized by its relations to other 
numbers, and (ii) other essential properties of the number 2 flow from, or are 
consequences of, this characterization. (p. 116) 

 

How would this help? The idea (or hope) seems to be that it is in some sense ‘a 
consequence’ of ‘this characterization’ that 2 is abstract (say).  
 

But this seems very puzzling: why think that it is a consequence of 2 being the successor 
of 1 etc. that it is abstract? Of course, if 2 is abstract then in a certain sense this is perhaps 
a consequence of everything, but that is hardly very illuminating; and doesn’t seem to 
give a distinctively ‘structural’ account of numbers etc.  
 

Perhaps one could try something like this: (a) the natural numbers have a certain 
structure; and (b) every ‘positive’ property of numbers is a consequence of these 
structural properties? 
 

The idea would then be that being abstract, not being Julius Caesar, etc. are ‘negative’ 
(and so not positive!) properties (e.g., being abstract = not existing in space and time).  
 

Might that work? Possible counter-example: don’t numbers necessarily exist? So one 
perhaps needs to beef-up (a) by adding ‘in this world and every other’. More counter-
examples? (Of course, this notion of a positive property will not necessarily be easy to 
characterize! One cannot characterize it ‘syntactically’, as ‘abstract’ shows.)  
 
(Another issue: what about ‘mixed’ mathematical objects such as sets of people etc.? It 
seems that a purely structural characterization of {Barack Obama} will inevitably be 
inadequate? Shapiro does not address this in the paper we read, but perhaps he addresses 
it in the book.)  
 
Cross-Structural Identity 
 

An issue that he does discuss in the paper, however, is that of ‘cross-structural’ identities.  
 

The problem: the natural number structure is different from the rational number, the real 
number, the complex number (and also of course the set-theoretic) structures. Doesn’t it 
then follow that the places of these structures are always distinct? But then 2 cannot be 
both natural, rational, real and complex (as one might have expected). (Similarly, 2 
cannot be either {Ø,{Ø}} or {{Ø}}—but that is perhaps less of a loss!)  
 

How much—or in exactly what way—is this a problem? Well, Shapiro seems concerned 
to validate conventional mathematical claims as much as possible (cf. his ‘faithfulness’ 
and ‘minimalism’ constraints).  
 

One response—or at least one view about this (Shapiro’s in his book): there is no fact of 
the matter about whether given cross-structural identities hold. (Motivated by 
minimalism?) He also held that we can ‘decide’ to identify objects from different 
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structures (but now admits that this is in fact somewhat bizarre: if these are real objects, 
no amount of stipulation can ‘make’ them identical.)  
 

So this is a view on which there would be metaphysical indeterminacy about the 
identities of these objects.  
 
Alternatives: epistemic indeterminacy; or (Shapiro’s proposal) semantic indeterminacy.  
 
More specifically: places from different structures are distinct, but we use ‘2’ (e.g.) to 
refer to places in different structures (i.e., different objects) at different times.  
 

Is there some reason not to simply say the obvious thing: that one structure can be part of 
another; i.e., one structure’s places can include those of another?  
 
Indiscernibility Issues 
 

E.g., with i and –i. Or with Shapiro’s ‘finite cardinal structures’; or Euclidean space. —
I.e., any case in which there is non-trivial automorphism from a structure to itself.  
 

So in such cases two places will have the same structural properties. But why is that a 
problem? 
 

One worry: what ‘individuates’ i and –i (e.g.)? Keränen argues that the ante rem 
structuralist is committed to places being structurally individuated—which would be a 
problem in these cases! 
 

Shapiro argues, however, that the structuralist need not be committed to this.  
 
An alternative way of trying to press the worry: might one not argue that i and –i occupy 
the same place in the structure? But in that case there are not two places here.  
 
A yet further worry: so suppose that metaphysically Shapiro is in the clear; what about 
reference?  
 

That is, mathematicians talk about ‘the complex number i’ etc. —But in virtue of what 
are they referring to one of the indiscernible places in the structure rather than the other?  
 

(This seems to be a version of problem that applies in the complex number case and not 
in the others?) 
 
How to respond?  
 

One response is to take ‘i’ to be a variable rather than a name. (Although this hardly 
seems to satisfy the faithfulness constraint!)  
 

Is there an alternative? Maybe to build privileged objects into the structure.  
 

That is, the natural number structure presumably comes with infinitely many places, plus 
a number of privileged functions and relations (exactly which one’s seems to lead to 
‘cross structural identity’ problems, but anyway…!).  
 

There are of course lots of different ‘structurally equivalent’ functions, relations, etc. —
But presumably we take one collection as being ‘built into’ the structure. (Otherwise the 
structure would just be an infinite cardinal structure; and we would have the same issues 
in this case too…)  
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But then why not just build privileged objects in too?  
 
Hellman seems to have an alternative metaphysical concern…  
 

Given a set X of objects, one can define various relations etc. on the members of X. —
That is, one might have thought that objects are ‘prior’ to relations, in some sense.  
 

But that can’t be how things work on the structuralist account!  
 

But similarly it can’t be that the relations are ‘prior’ to the objects (it seems).  
 

One might worry this is metaphysically weird, somehow. Or alternatively (putting a more 
positive spin on it!) perhaps this is one way in which ante rem structuralism is 
metaphysically distinctive. One has this mathematical ‘universe’ (say) but the universe is 
prior to the things that it is seems to be constituted by. So…? 


