
Philosophy of Mathematics 
PHIL 437/637, Week 4: 10 Feb. 2015 

 
UNRESTRICTED QUANTIFICATION I 
 
1. Why Quantify Unrestrictedly? 
 

I.e., why would one want to quantify with absolute generality, over absolutely everything 
that there is? 
 

Most obvious reason: to be able to state metaphysical claims like naturalism (‘Everything 
is natural’ or ‘Everything is part of the natural world’). If one can only ever quantify 
restrictedly one can never express what one wants to say—one can never express 
something that is incompatible with there being some ‘non-natural’ things. Similarly for 
more mundane claims such as Ø has no members.  
 

But a less obvious reason: perhaps the natural way in which to define restricted 
quantification is via the unrestricted kind. E.g., along the lines of ∀x(Dx → α) or ∃x(Dx 
∧ α). Or using ‘binary’ quantifiers like (Mx: Dx) α. In each case, the ∀x and ∃x or the 
(Mx: __) are naturally taken as being ‘unrestricted’.  
 
2. Russell’s Paradox for Generality-Absolutism 
 

But there seems to be a hitch.  
 

The generality-absolutist will want to quantify over all interpretations of her language. 
For example, she will want to express the claim that (e.g., if ∀x is interpreted 
unrestrictedly, then) for any interpretations of P and Q, if ∀xPx is true, and ∀x(Px → Qx) 
is true (on these interpretations), then ∀xQx will also be true (on the interpretations).  
 

This seems to lead to trouble, however.  
 

For, for any contentful predicate F, there is some interpretation of P (call it I(F)), under 
which P (so interpreted) applies to something iff it Fs. I.e.: 
 

(1) For everything o, I(F) is an interpretation under which P applies to o iff o Fs. 
 

Here ‘everything’ is supposed to be unrestricted (it is not that the claim holds only for 
some restricted class of things). Thus, the range of ‘o’ includes the interpretations of the 
form I(F) themselves.  
 

But now define ‘R’ as follows. 
 

(2) For everything o, o Rs iff o is not an interpretation under which P applies to o. 
 

From (1) and (2) one has: 
 

(3) For everything o, I(R) is an interpretation under which P applies to o iff o is not 
an interpretation under which P applies to o. 

 

In particular: 
 

(4) I(R) is an interpretation under which P applies to I(R) iff I(R) is not an 
interpretation under which P applies to I(R). 

 

Contradiction.  
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What does this argument tell us?  
 

A ‘sceptic’ about absolute generality will argue that this just shows the incoherence of 
trying quantify over absolutely all interpretations of P; the incoherence of trying to 
understand our language so that ∀x ranges over every possible interpretation of P.  
 

The only coherent way to do this sort of thing, they will argue, is to take ∀x as ranging 
over a restricted domain that does not include all possible interpretations of P. And then 
to state principles like (1) using similarly restricted quantifiers. The move from (3) to (4) 
(where we put I(R) in for ‘o’) would then be blocked.  
 

So the picture would be that at any given point we will be speaking a certain language, L. 
The quantifiers of L will not range over all possible interpretations of L. To express 
generalizations about interpretations of L of the sort just considered, one must use a 
‘metalanguage’ L* whose quantifies range over a wider class of interpretations. But then 
to express similar generalizations about interpretations of the metalanguage, L*, one will 
need a metametalanguage L**, and so on. One will never be able to express 
generalizations about absolutely all of the languages in the resulting hierarchy.  
 
3. Problems for Generality-Relativism 
 

But the resulting ‘generality-relativism’ seems to face serious problems.  
 

3.1. Problem 1: She can’t state her own view 
 

The most obvious of these is that she seems barred by her own lights from expressing the 
position of generality-relativism. For she of course cannot do this by saying: 
 

(*) It is impossible to quantify over everything.  
 

Because, insofar as this is a legitimate assertion, whatever ‘everything’ ranges over it is 
(contrary to what (*) says!) possible to quantify over. So if (*) is a legitimate assertion 
then it is self-defeating.  
 

Of course, one can state about some given language L that there is something that L 
cannot quantify over; one can do this in a metalanguage L* whose quantifiers range (e.g.) 
more widely than those of L. One can then express the comparable claim about L* in a 
metametalanguage L**, and so on. —But none of this comes close to expressing 
generality-relativism itself, which is a claim about all languages.  
 
3.2. Problem 2: Talking donkeys 
 

Of course, the generality-relativist cannot express absolutely general claims such as 
‘everything is natural’ or ‘nothing is in Ø’.  
 

But Williamson argues that the problem is much worse than it might appear, affecting 
even her ability to express claims like ‘no donkey talks’ or ‘every electron moves at less 
than the speed of light’.  
 

The problem is that if we express the former using something like ∀x(Dx → ¬Tx) then 
this only says what we want it to if ∀x is an unrestricted quantifier. Otherwise, our 
assertion is compatible with the things outside of this range being talking donkeys. But of 
course the generality-relativism says that ∀x must be restricted here.  
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Perhaps it will be responded that it is enough that the domain in question contains every 
donkey? But then surely the speaker needs to have access to this information? 
(Otherwise, for all they know, there are donkeys that are not in her domain, and her 
assertion did not say what she wanted to.) But to express this information we seem to 
need to say that absolutely every donkey is in the domain in question. 
 

E.g., ∀x(Dx → ∃[1]y y = x), where the quantifiers indexed by [1] are our original 
restricted quantifiers. But this only adequately expresses this information if (a) every 
donkey is in the range of our new ∀x, and (b) we have access to that information. But 
how to express this latter information without using unrestricted quantification?  
 
3.3. Problem 3: Giving adequate semantics 
 

Thus suppose that we want to give the semantics for a language L whose quantifiers 
range over different domains in different contexts (but where, in line with generality-
relativism, each such domain excludes at least something). To state the semantics for 
such a language one will presumably say something like: 
 

[∀C] For every context C, ∀x α is true in C under A iff every member d of the domain 
of C is such that α is true in C under A[x/d]. 

 

But for this to be an adequate expression of the semantics for our language, ‘every 
member’ must range over everything that is in the domain in any context.  
 

Perhaps the generality-relativist will say that for any legitimate language there will be 
things that are not in the domain of any context (what Williamson calls ‘semantic 
pariahs’). Williamson argues that it is just not plausible that a language like English has 
any such ‘pariahs’: perhaps (he seems to say) there are things outside the domain in any 
given context, but surely for anything there is some context in which it is in the domain 
(as it were!).  
 

But if that is right, then an adequate semantics for English will require us to state 
something like [∀C]—where, crucially, ‘every member’ ranges over absolutely 
everything. And, since the generality-relativist says that is impossible, she seems 
committed to saying that no adequate semantics for English is possible. But then how to 
make sense of what speakers know when they know English?  
 
4. How to be a Generality-Absolutist 
 

So perhaps, given all these problems, we should take another look at generality-
absolutism. But then how to block the version of Russell’s paradox of §2? 
 

Williamson’s answer: quantification into predicate position is not quantification over 
objects. Thus, consider ‘Eeyore talks’. We can quantify both into ‘name position’ and 
into ‘predicate position’. Giving, e.g., ‘∃x x talks’ and ‘∃F Eeyore Fs’ (resp.).  
 

But, Williamson argues, quantification into predicate position is a fundamentally 
different form of quantification from that into name position: it is not quantification over 
objects at all, but over something quite different; over some fundamentally different sort 
of ‘entity’ as one might put it.  
 

Now, we got into a form of Russell’s paradox by trying to generalize over all 
interpretations of a predicate P (say). But Williamson suggests that these interpretations 
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are the same sort of ‘entity’ that we are quantifying over when we quantify into predicate 
position.  
 

That is, in giving the semantics for a language, L, one does not define some object, I (a 
set, e.g.).  
 

Rather, one defines a 2-place predicate, D, holding between expressions of L and objects 
(e.g., names and the object named, and n-place predicate letters and n-tuples the predicate 
applies to).  
 

To generalize over interpretations is then to quantify into predicate, rather than name, 
position.  
 

—And the paradox is now blocked. E.g., suppose that one tries to reinstate the paradox as 
follows.  
 

(1[2])  For everything o, P D(F)s o if and only if o Fs.  
 

(2[2])  For everything o, o Rs if and only if P does not D(P(o)) o.  
 

(3[2])  For everything o, P D(R)s o if and only if P does not D(P(o)) o.  
 

But why think that there is now any o for which D(P(o)) is equivalent to D(R)?  
 
Question: how to understand quantification into predicate position? 
 
As plural quantification? 
 

One problem: 
 

 ∀F(∀xFx → ∃xFx) 
 

(20)  Any things are such that if everything is one of them then something is one of them.  
(21)  If everything is self-distinct then something is self-distinct.  
 
A more serious problem: does not generalize to 3rd-order, etc.  
 

So the correct understanding of higher-order quantification…? 
 
5. Problems for Generality-Absolutism 
 

So perhaps the threat from Russell’s paradox is blocked. But one might fear that 
generality-absolutism faces versions of the problems that Williamson raised for the 
generality-relativist.  
 

For it is vital to the coherence of Williamson’s position that one cannot quantify over all 
levels of the ‘higher-order’ hierarchy.  

• If one could then one would get Russell’s paradox again… 
 

But now consider first the issue with stating naturalism (e.g.). Does not the naturalist 
want to rule out even higher-order non-natural entities? That is, is there not a sense in 
which we could have a naturalism vs non-naturalism debate at the level of predicate 
quantification, and thus a general form of naturalism should presumably cover these 
entities too. But no such ‘truly general’ statement of naturalism is possible (on the form 
of generality-absolutism defended).  
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And similarly for other problems mentioned in §3 above.  
 
5.1. Problem 1: She can’t state her own view 
 

The problem for the generality-relativist was that she could not say anything like: 
 

(*) It is impossible to quantify over everything.  
 

But similarly, it is a key part of the generality-absolutist view that one cannot quantify 
over the contents of every level of the hierarchy. But of course one cannot state this by 
saying something like: 
 

(**) It is impossible to quantify over everything in the hierarchy.  
 
5.2. Problem 2: Talking donkeys 
 

Williamson argued that ∀x(Dx → ¬Tx) will not adequately express the claim that there 
are no talking donkeys unless (a) the domain of ∀x contains all donkeys, and (b) the 
speaker has access to this information.  
 
But how is Williamson really any better off? Thus, he will express the claim using 
∀x(Dx → ¬Tx) where ∀x ranges over absolutely all objects. But this does not rule out 
there being talking donkeys among the range of the higher-order variables. 
 
Arguing as Williamson did… surely it is not enough that there actually are no talking 
donkeys among the range of the higher-order variables. The speaker must have access to 
this information. But that is (on the generality-absolutist position) impossible (since one 
would need to quantify over everything in the hierarchy).  
 
Or how might Williamson respond? Perhaps he could argue that a difference is that it 
does not make sense to suppose that a higher-order entity is a donkey. E.g., ∃F(DF ∧ Tx) 
is just ill-formed. In contrast, for any of the generality-relativist quantifiers it makes sense 
to say ∃x(Dx ∧ Tx). Though one might wonder if this isn’t an advantage for the 
generality-relativist?  
 
 


