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THE ITERATIVE CONCEPTION OF SET 
 
1. The Iterative Conception of Set 
 

Basic idea 
 

One thinks of sets as being constructed, or formed, at stages.  
 

I.e., one starts with either individuals (= non-sets), or nothing. At stage 0, one forms all 
possible collections of individuals, or just Ø if you don’t have any individuals. At stage 1, 
you form all possible collections of individuals together with sets formed at stage 0. E.g., 
{Ø}, {{i},i} (i some individual). At stage 2… 
 

Immediately after stages 0, 1, 2, …, n, …, there is another stage, stage ω. At this stage, 
one forms all possible collections of individuals together with sets formed at earlier 
stages. One of these will be the set of everything one already had. There is then a stage 
ω+1, … 
 
Boolos shows: 

• first, how this basic idea can be turned into a more rigorous theory (a theory 
which talks about both stages and sets); and 

• second, how within this ‘stage theory’ one can derive most of the axioms of ZF 
(Zermelo-Fraenkel) set theory.  

 

Thus, the stage theory has axioms like:  
 

 ∀t∀s∃r(t < r ∧ s < r) 
 

(for any two stages t and s, there is a stage later than each of them). 
 

 ∀x∃s xFs 
 

(every set is formed at some stage; note that stage theory is a ‘two-sorted’ theory, which 
means in effect that it has two different groups of variables, each intuitively ranging over 
their own domain. So, in this case we have ‘stage’ variables r, s, t, etc., and ‘set’ variables 
x, y, z etc.)  
 

 ∃s∀y(ϕ → yBs) → ∃x∀y(y ∈ x ↔ ϕ) 
 

(here ϕ is an arbitrary formula (not containing x free); so this says that if there is some 
stage before which all the things with property ϕ are formed, then there is a set containing 
precisely those things).  
 
Boolos then shows how his stage theory is sufficient to derive a lot of ZF set theory. 
Specifically, ‘Zermelo’, or Z, set theory consists of the axioms:  
 

Extensionality: ∀x∀y(∀z(z ∈ x ↔ z ∈ y) → x = y) 
Empty Set: ∃x∀y y ∉ x 
Pairs: ∀x∀y∃z∀w(w ∈ z ↔ (w = x ∨ w = y)) 
Union: ∀x∃y∀z(z ∈ y ↔ ∃w(w ∈ x ∧ z ∈ z)) 
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Powerset: ∀x∃y∀z(z ∈ y ↔ ∀w(w ∈ z → w ∈ x)) 
Infinity (using shorthand): ∃x(Ø ∈ x ∧ ∀y(y ∈ x → y∪{y} ∈ x)) 
Separation (scheme): ∀x∃y∀z(z ∈ y ↔ (z ∈ x ∧ ϕ)) 
 (here ϕ any formula without y free) 
Regularity: ∃xϕ → ∃x(ϕ ∧ ∀y(y ∈ x → ¬ψ)) 

(ϕ any formula without y, ψ essentially the same as ϕ but with each free 
occurrence of x replaced by one of y; 
e.g., ∃x x ∈ z → ∃x(x ∈ z ∧ ∀y(y ∈ x → y ∉ z))) 

 

ZF is Z plus: 
 

 Replacement (less rigorously stated!):  
F is a function → ∀x∃y∀z(z ∈ y ↔ ∃w(w ∈ x ∧ F(w) = z)) 
 (F is roughly a formula) 

 

ZC (or ZFC) is Z (or ZF) plus: 
 

 Choice: for any set x of nonempty disjoint sets, there is a set containing exactly 
one member of each member of x. 

 
Boolos shows that stage theory proves all of Z but extensionality—and it is indeed 
relatively intuitive that each such axiom holds given the iterative conception.  
 

What about the other axioms? 
 

Extensionality? 
 

Boolos thinks this has a special status: if someone denied it we might almost think they 
mean something different by ‘set’.  
 

One can presumably unproblematically ‘add’ this to the iterative conception (while 
retaining a coherent conception); but it seems ‘detachable’ from the iterative conception 
proper.  
 
Choice? 
 

Boolos thinks that while this may be ‘obvious’ it cannot be claimed to follow from the 
iterative conception; and he thinks that any attempt to derive it from the iterative 
conception will beg the question. 
 

I’m not sure I get this. Why is Choice any worse off than (say) Pairs? The thought behind 
the latter (or, the intuitive derivation of the latter from the iterative conception) is 
something like this: 
 

Let x and y be any two sets. Suppose that x is formed later that y. Then, at the stage at 
which y is formed, both x and y have been formed. But then {x,y} will be among the sets 
formed at the stage immediately after this one. QED. 

 

OK. But why doesn’t a similar argument work for Choice. I.e.: 
 

Let x be a set of nonempty disjoint sets. Now, at the stage at which x is formed, all of the 
members of all of the members of x has already been formed. But then each set 
containing exactly one member from each member of x will also have been formed. 
QED. 
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It might be responded: but how do you know that there are any such sets? —To assume 
that there are is to beg the question! 
 

But why can’t one respond similarly to the argument for Pairs? —I.e., that it simply 
assumes that as long as x and y have been formed at a stage, then {x,y} will be formed at 
the next stage. 
 

I’m just not sure there is any real difference here.  
 

(It is true that Pairs and not Choice follows from Boolos’s stage theory. But that is 
because of his ‘specification’ axioms—if my argument for Choice begs the question then 
I don’t see why his specification axioms don’t do the same. It is also true that, as a matter 
of historical fact, Choice has been controversial while Pairs has not; but that is hardly a 
‘deep’ difference.)  
 
Replacement? 
 

Here the situation seems more serious. One needs Replacement to get a stage ω+ω (i.e., a 
stage after ω, ω+1, ω+2, …, ω+n, …). Conversely, given that the iterative conception 
seems perfectly compatible with there not being a stage ω+ω (indeed, the whole stage ω 
thing seems a bit of a cheat, doesn’t it?), the iterative conception cannot deliver 
Replacement.  
 

Now, one can surely add to the iterative conception that there is a stage ω+ω (and still get 
a clearly coherent conception).  
 

But what about Replacement in general? (Replacement is used all the time in set theory to 
establish the existence of sets.) 
 

Intuitively, Replacement says that if you have a set x, and a function F, then there is some 
stage by which point all sets of the form F(y) (for y ∈ x) will already have been formed.  
 

So you might think: as long as you go on ‘far enough’ Replacement is bound to be 
satisfied.  
 

But is that thought persuasive? Because if one goes on ‘further’, there will be more sets 
that Replacement has to hold for, and so on. —Why think that one will ever reach a 
‘stable’ point, i.e., a point at which point one will already have precisely enough sets for 
Replacement to hold?  
 
One might then worry: it is not simply that Replacement is ‘detachable’ from the iterative 
conception; how do we even know that there is a consistent conception of set that 
combines both the iterative conception plus Replacement? I.e., how do we know that ZF 
is consistent?  
 
Motivation 
 

Stepping back from the issue with Replacement—how well motivated is the iterative 
conception?  
 

Boolos argues that it is ‘independently motivated’ in the sense that 
 

there is, so to speak, a “thought behind it” about the nature of sets which might have been 
put forth even if, impossibly, naïve set theory had been consistent… It is important to 
realize how odd the idea of something’s containing itself is… The idea is paradoxical… 
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in the sense that… it is very, very peculiar to suppose it is true. For when one is told that 
a set is a collection into a whole of definite elements of our thought, one thinks: Here are 
some things. Now we bind them up into a whole. Now we have a set. We don’t suppose 
that what we have come up with after combining some elements into a whole could have 
been one of the very things we combined (not, at least, if we are combining two or more 
elements). (pp 219–20) 

 

But doesn’t this beg the question? Is the idea of a collection of all collections so weird?  
 
Problems? 
 

One thing one might like to use set theory for: giving account of languages, and semantic 
values of predicates. E.g., ‘George is funny’.  
 

I.e., one would use set theory to construct objects that are semantic values of particular 
expressions, and also interpretations of whole languages. This is essentially how things 
are done in both linguistics (i.e., semantics) and logic (i.e., model theory).  
 

Thus, in logic, given a first-order language L (say), an interpretation of L will be 
something like a pair 〈D,I〉, where D is the domain (of quantification), and I is the 
interpretation function (assigning semantic values to all non-logical expressions).  
 

It seems, however, that in set theory one can never give an acount of the language of set 
theory (i.e., the language that one uses to state the theory).  
 

But then how do we give an account of that language?  
 

Perhaps further entities: e.g., proper classes, or Fregean concepts.  
 

But we will then face the same problem when it comes to the language of proper classes 
(e.g.). So we will then need proper2 classes; and then proper3 classes…  
 

One will never be in a position to theorize about one’s own language, or about language 
generally. (Indeed, what I have said in attempting to characterize this position might even 
be incoherent by the position’s own lights?) 
 

One might react: maybe better to stick to sets, and just say that one can never talk about 
all of the iterative hierarchy. (Cf. Wittgenstein in the Tractatus.)  
 

What are the problems with this view? 
• Cannot talk about sets or language generally. 
• The ‘position’ cannot be stated.  

 

Are there others? 
 
2. The Limitation of Size Conception 
 

Boolos’s take on the disparities between what follows from the iterative conception and 
ZF is that there are in fact two distinct thoughts behind ZF. The second is the ‘limitation 
of size’ conception (which he does not think is ‘independently motivated’).  
 

The basic idea is that one replaces Frege’s (V) with something like: 
 

(New V) ∀X∀Y(ext(X) = ext(Y) ↔ ((Big(X) ∧ Big(X)) ∨ ∀z(Xz ↔ Yz)). 
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Where a concept X is ‘big’ if the objects that it applies to can be put in one-to-one 
correspondence with the totality of all objects. (I.e., X is ‘big’ if it applies to ‘as many’ 
objects as there are objects.) 
 

Boolos shows that (New V) is sufficient to prove a number of the axioms of ZF; in 
particular, Extensionality, Empty Set, Pairing, relativized Regularity, Choice, relativized 
Union—and Replacement. One cannot get Powerset or Infinity. (He also shows that 
(New V) is consistent, which isn’t obvious, I take it.) 
 

So perhaps set theory as we know it—ZF (or ZFC)—is based on two ideas. But (again) 
why think that they can be coherently, or consistently combined?  


