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INFINITE SIZE II 
 
Want to think about challenging claim we know there are difference sizes of infinity, i.e., 
that there are infinite sets of different sizes. We know of course that there are infinite sets 
that are not equinumerous, i.e., such that there is no bijection between them. But want to 
argue this does not put us in a position to know that the sets are of different size. I.e., 
challenge claim we know: 
 

(1) For any sets A and B, if A is not equinumerous to B, then A is a different size to 
B.  

 

Or equivalently: 
 

(2) For any sets A and B, if A is the same size as B, then A is equinumerous to B.  
 

Orthodox, Cantorian, account of size = (2) + its converse. 
 

Latter has been challenged (both historically and recently), but we seem to have 
arguments for holding this. On the other hand, former seems generally to be taken for 
granted.  
 

Want to think about claim we know (2). Many seem to believe this. But one might also 
think that ordinary notion of size is too indeterminate to sustain this, and thus hold a 
weaker claim. E.g., we know (2) for some ‘sharpening’ of the notion of size, size*. We 
can perhaps discuss such weaker claims too.  
 
1. Size and Equinumerosity 
 

Easy to forget that the claim that A is the same size as B is even distinct from the claim 
that A is equinumerous to B. On reflection, however, that these claims are distinct should 
be uncontroversial. For the claim that A is the same size as B is of the same general form 
as those of the following sorts: c is the same colour as d, c is the same height as d, c is 
the same shape as d, etc. And all of these claims, it seems clear, say that there is a certain 
sort of property—a size, colour, height or shape—that the objects in question have in 
common. More precisely, the claim that A is the same size as B can be represented in 
standard logical notation as follows: 
 

∃!P(Size(P) ∧ A has P) ∧ ∃!Q(Size(Q) ∧ B has Q) ∧ ∃R(Size(R) ∧ A has R ∧ B 
has R); 

 

where the variables range over properties. In contrast, the claim that A is equinumerous 
to B is of the following form: 
 

 ∃f(f is a bijection from A to B). 
 

But it is surely clear that these are just very different claims! 
 
So knowledge of (2) not simply knowledge of a triviality.  
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This doesn’t get us very far, however. Since it might be suggested that given the right 
account of what these properties sizes are, (2) follows pretty easily. E.g., might be 
contended that sizes are properties of the following form: 
 

 _ is equinumerous to κ; 
 

where κ is a set of some privileged sort; for example, a cardinal (as defined in standard 
set theory). 
 

Problems: 
• Size seems to be intrinsic (i.e., a property a set has just in virtue of what it is like). 
• ‘Benacerraf-style’ problems.  

 
2. ‘I Still Think (2) is Obvious’ 
 

Reasons for being sceptical of this… 
 
3. An Explanatory Connection? 
 

Consider the following sets: C = {0,1} and D = {2,3,4}. Two things are true of these sets: 
(a) they are of different size; and (b) there is no bijection from C to D. Further, there 
seems to be a connection between these two things: (a) seems to be the reason for—or the 
explanation of—(b). That is, if someone was to ask, ‘Why is there no bijection from C to 
D?’, it would be very natural to reply, ‘Because C is a different size to D’ (or: Because C 
is smaller than D). In contrast, if we are asked, ‘Why is C a different size to D?’, it is not 
at all natural to reply, ‘Because there is no bijection from C to D’. Rather, it would be 
natural to reply by saying something about which members C and D have: e.g., ‘Because 
C’s only members are 0 and 1, whereas D contains 2, 3 and 4 (and each of these are 
distinct)’. We thus seem to have the following situation, where an arrow from one fact to 
another indicates that the former explains the latter:  
 

there is no bijection from C to D 
↑ 

C is a different size to D 
↑ 

membership facts about C and D 
 

And it is very tempting to think that this isn’t simply how things are with these paticular 
sets C and D. Rather, this must be how things always are. That is, whenever one has sets 
A and B such that there is no bijection from A to B, this fact must similarly have an 
explanation; and the only possible explanation would to be seem just as with C and D, 
i.e., that A is a different size to B. But if that is right, then (1), and thus (2), must be true.  
 

Another way to put this thought (or a slightly more general thought) is this: whether two 
sets have a bijection between them is entirely determined by their sizes; i.e., if they are 
the same size, then there will be such a function, if not, not; and, thus, if there is in fact 
no bijection from A and B, then this must be traceable back to a difference in size 
between the two sets.  
 

How natural such thoughts are can be reinforced be considering the broader family to 
which they belong. For example, consider the following principle: 
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 For any set A, if A does not have a well-ordering isomorphic to 〈N,<〉, then A is a 
different size to N.  

 

Just like (1), this principle can seem very natural. And it is very natural to argue for it as 
follows: suppose A does not have a well-ordering isomorphic to 〈N,<〉; this must surely 
be explained by something about A; and the only possible explanation would seem to be 
A’s size; i.e., either A has too few, or too many, members. Or—to put the same thought 
slightly more generally—whether A has a well-ordering isomorphic to 〈N,<〉 is plausibly 
entirely determined by A’s size.  
 
Want to suggest in case of N and P(N) (e.g.) we have an alternative explanation, using 
following principle: 
 

(3) For any f: N → P(N), there is Df ∈ P(N) such that Df = {n ∈ N: n ∉ f(n)}. 
 

Given this principle, we seem able to give a completely satisfying explanation of why 
there is no bijection from N to P(N). For consider an arbitrary function f from N to P(N). 
And consider now the set Df ∈ P(N) that (3) tells us exists. This set must be distinct from 
f(0): since, by the definition of Df, 0 ∈ Df 0 ∉ f(0); similarly, it must be distinct from 
f(1), and so on. Thus, f is not a bijection. (End of explanation!) The gist of this 
explanation is thus: given any way f of assigning sets of numbers to numbers, there is a 
corresponding way Df of forming a set of numbers; specifically, Df contains 0 iff 0 ∉ 
f(0), 1 iff 1 ∉ f(1), etc.; given this, there will always be set that the assignment leaves out.  
 

After all, if we are asked, ‘Why is there no bijection from N to P(N)?’, this would seem 
to constitute a completely satisfying answer—anyone given this answer (which is, of 
course, essentially due to Cantor) would seem to have been given everything that they 
need to understand exactly why there is no such function.  
 

I would suggest that we thus have a genuinely alternative explanation, which can be 
represented as follows: 
 

there is no bijection from N to P(N) 
↑ 

(3) 
↑ 

membership facts about N and P(N) 
 

If this is right, proposed defence of (2) seems to fail. 
 
4. The Finite Case 
 

Can establish finite case of (2) using just ZFC plus: 
 

(4) For any sets X and Y, if X is finite, and Y is a proper subset of X, then Y is also 
finite, and X is not the same size as Y. 

(5) For any finite sets X and Y, if X is equinumerous to Y, then X is the same size as 
Y.  

(6) z is the same size as w is an equivalence relation. 
 

These seem uncontentious! So no danger worries about infinite case will extend to finite 
one.  
 


