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DIALETHEISM 
 

Dialetheism is the view that there are true contradictions.  
 
Priest suggests that the logical community has failed to solve the semantic and logical 
paradoxes, and that we should, consequently, consider accepting, rather than trying to 
explain away, the contradictions involved. 
 
1.1. The Argument from Incompleteness 
 

Our informal methods of proof could, in principle, be codified by a formal system (a 
Turing machine). 
 
These informal methods include Peano Arithmetic (e.g.). 
 
Gödel’s theorem then applies to the formal system codifying our informal methods of 
proof, yielding the consequence that there are sentences of the language of the system, 
neither provable nor refutable in the system. 
 
Further, some of these sentences can be shown, or proved, to be true.  
 
Proof sketch. Let S be the formal system. The language of S will contain a formula 
ProvS(x) applying to precisely the (gödel numbers of) sentences provable in S. It will also 
contain a sentence G of the form ¬ProvS(g), where g is a term denoting (the gödel number 
of) the sentence G itself. 
 
(Often one uses a sentence for which one merely has: 
 

S |– G' ↔ ¬ProvS(⎡G'⎤). 
 

But it simplifies things to consider a sentence G, because in dialetheic/paraconsistent 
systems, modus ponens, etc. is problematic.) 
 
Now, suppose G were provable in S, then G is true, and what it says is (essentially) that it 
is not provable in S. So if G is provable in S, it isn’t, so it isn’t. 
 
In which case what it says is the case, so G is true. £ 
 
So we seem to have been led to the conclusion that G both is, and is not, provable (by our 
informal methods). A puzzle. 
 
One escape route is to deny that our informal methods of proof are ‘codifiable’—
modellable by a Turing machine (however complicated).  
 
This Priest rejects as implausible. 
 
His preferred response is instead as follows. 
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He first observes that the reason our informal proof methods appear able to outstrip P is 
that they incorporate semantic methods: recall, e.g., the proof of G, which went from G 
being provable in S to its being true.  
 
Priest says that Gödel’s proof ‘goes wrong’ because it assumes that the formal system 
under consideration is consistent. This would be a mistake because a theory that 
incorporates the truth schema (e.g.) will be inconsistent.  
 
But, pace Priest, there is no need to assume S is consistent—the argument I gave above 
merely assumed that S is sound (i.e., proves only truths).  
 
(It can be proved assuming inconsistency in place of soundness, for added generality, but 
it does not have to be, as illustrated by the proof sketch given above.) 
 
Does this mean Priest’s argument is hopeless, or can it be rescued? 
 
Attempted resuscitation: 
 

• The argument of Gödel’s theorem shows that G is not provable in S. 
• But if S really does codify our informal methods of proof, since G is provable by 

these informal methods, it is provable in S after all. 
• That is, G is provable in S and G is not provable in S. 
• So some contradictions are true, which is what Priest really wanted to establish, of 

course.  
 
(Note that an alternative response to Priest’s puzzle is to deny that, in a case in which S 
really does codify our methods of proof, G will even be informally provable. E.g., if S is 
incredibly complicated we might not be able to reason from G being provable in S to its 
being true.)  
 
1.2. Logic with Gluts 
 
So sentences can be ‘true only’ (t), ‘false only’ (f), or both true and false, i.e., 
‘paradoxical’ (p).  
 
You get the strong Kleene truth tables.  
 
But unlike in the case in which the third value is ‘undefined’, the truth-tables seem 
uniquely determined by the classical ones.  
 
Validity (for propositional logic) is defined as follows. Let v be a function from the 
propositional letters into {t,f,p}. Let v+ be the natural extension in terms of the strong 
Kleene truth tables. Then for a set of sentences Σ and a sentence A, 
 
 Σ |= A iff there is no v such that v+(A) = f 
      but for all B ∈ Σ, v+(B) = t or p.  
 |= A iff Ø |= A. 
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Theorem. A is a two-valued tautology iff |= A.  
 
So moving to paraconsistent logic does not affect the notion of a tautology, but the 
consequence relation is very different.  
 
Many laws continue to hold. E.g.: 
 

 A |= A ∨ B 
 A |= ¬¬A 
 
But many classical laws fails. E.g.: 
 

 A ∧ ¬A |= B 
 A, A → B |= B 
 
The logic is extended to quantifiers in the natural way (treating ∀ like conjunction and ∃ 
like disjunction).  
 
Two responses to the fact that modus ponens (e.g.) fails: 
 

(i) try to give a new account of the conditional; 
(ii) accept that modus ponens (etc.) is only ‘quasi-valid’, valid in paradox-free 

contexts. 
 
Some claims of the theory will themselves be false (as well as true). E.g.: 
 

(4) Some sentences are true and false.  
 

Every instance of (4) is false (although some are true too). So (4) is false (as well as true).  
 
Can ‘true only’ be expressed (i.e., in the object language)? Consider: 
 

(5) (5) is not true only. 
 
• If (5) is true only, then it is (in particular) true, so it is not true only. Thus, if (5) is 

true only, then it isn’t, so it isn’t true only.  
• Since (5) is not true only, it is false. 
• So it is not the case that (5) is not true only. 
• That is, (5) is true only.  
• So ‘(5) is true only’ is true. 
• It follows that ‘true only’ applies to sentences that are not true only.  
 
So there does not seem to be any way of communicating that a sentence X is true only. If 
one says ‘X is true only’, what one says can be true even if X is not true only. 
 

Thus a theorist (e.g., Priest) might say: Liar sentences are both true and false, ‘snow is 
white’, on the other hand, is true only. 
 

But this can be true even if not only Liar sentences but also ‘snow is white’ are both true 
and false.  
 

Indeed, ‘Liar sentences are true only’ is just as true as ‘‘snow is white’ is true only’.  
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Is this so different from Kripke’s problems with saying things are neither true nor false? 
 
On the connection between Kripke and dialetheism... 
 
Note that since paraconsistent logic uses the strong Kleene truth-tables (etc.), the fixed 
points Kripke constructs double up as paraconsistent languages that contain their own 
truth predicates.  
 
(Although they may not be perfect accounts of dialetheic truth.) 
 
1.3. Logical Consequence and Strengthened Liars for Dialetheists 
 
Recall that dialetheists have a problem with conditionals... 
 
Note also that one of the main motivations of dialetheism is supposed to be that it avoids 
hierarchies.  
 
Suppose that one tries to introduce a connective ‘⇒’ so that ‘A ⇒ B’ means ‘if A then it 
follows logically that B’. Where for these purposes ‘logical consequence’ includes ‘truth-
theoretic consequence’: so, e.g., A /∴ ‘A’ is true, is logically valid in this sense.  
 
For any A and B: 
 

(6) A ∧ (A ⇒ B) /∴ B 
 

(6) is (essentially) modus ponens for ⇒.  
 

Of course, in paraconsistent logic, modus ponens is invalid for the material conditional 
(defined in terms of ∨ and ¬).  
 

But the counter-examples for modus ponens for the material conditional are not counter-
examples to (6).  
 

And, indeed, (6) must surely hold if ⇒ means logical consequence, just as the truth-
scheme must hold if ‘true’ means true.  
 
Given that (6) holds, one thus has, for any A and B: 
 

(7) (A ∧ (A ⇒ B)) ⇒ B. 
 
This, however, leads to problems that even a dialetheist cannot swallow... 
 
Now consider the sentence:  
 

(8) T(c) ⇒ X; 
 

where c denotes (8), and X stands in for whichever sentence the dialetheist least wants to 
accept. E.g., it could be ‘Everything is both true and false’, or ‘The world will end in five 
minutes’, or… 
 
An instance of (7) is then: 
 

(9) (T(c) ∧ (T(c) ⇒ X)) ⇒ X. 
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Substituting T(c) for T(c) ⇒ X gives: 
 

(10) (T(c) ∧ T(c)) ⇒ X. 
 

Priest wants to be able to substitute everywhere T(‘A’) for A and vice versa. 
 
Substituting T(c) for T(c) ∧ T(c) then gives: 
 

(11) T(c) ⇒ X. 
 
One then has: 
 

(12) T(c). 
 
Then, by ∧-introduction: 
 

(13) T(c) ∧ (T(c) ⇒ X) 
 
Finally, by rule (6): 
 

(14) X.  
 
It is hard to know how the dialetheist can respond except by appealing to some sort of 
hierarchy ⇒0, ⇒1, ⇒2, …, where ⇒n applies only to logical consequences not involving 
⇒m for m ≥ n.  
 
(8) (i.e., T(c) ⇒ X) is a sort of strengthened Liar for dialetheists:  
 

• it is a sentence that leads to unpalatable consequences, even given the admission 
that sentences are allowed to be true or false. 

• In non-paraconsistent logic, if a sentence A is true and false, A ∧ ¬A will be true, 
and everything is logical consequence of this. 

• This is one of the things that is so problematic about paradoxical sentences. 
• In paraconsistent logic, on the other hand, A ∧ ¬A /∴ B is not valid.  
• So even if a paradoxical sentence generates an apparently sound argument for a 

contradiction, this is no problem for dialetheism. 
• What would be a problem, would be a paradoxical sentence that generated an 

apparently sound argument that allowed one to derive everything and anything, 
without going via the paraconsistently invalid rule A ∧ ¬A /∴ B. 

• That is what (8) seems to do.  
 


