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1. The Foundational Crisis 
 

It is often said: the discovery of Russell’s paradox in 1902 gave rise to a ‘foundational 
crisis’ in mathematics.  
 

In any case, what followed was a great, and an important, time for philosophical 
reflection on mathematics. 
 

Partly that is just because Russell’s (and other) paradoxes threw up a whole range of 
philosophical issues: about the nature of mathematical objects, about our knowledge of 
them, about how we should reason about them, etc. 
 

But is also because the crisis coincided with the rise of modern logic, which one might 
think of as taking place in the period 1879–1931 

(1789 was the publication of Frege’s first major work, his Begriffsschrift; 1931 is 
the publication of Gödel’s incompleteness theorems).  

 

These formal, or mathematical, developments then enabled highly rigorous, and fruitful, 
philosophical study of mathematics. 
 

Thus, in this seminar we will look at a range of philosophical problems raised by 
mathematics, many of which are related to that time. It is not that the readings will 
mainly date from that time, but the issues discussed can be traced back to that period.  
 
2. Russell’s Paradox and Responses to It 
 

2.1. Background: Frege’s Logicism 
 

Frege’s logicism: attempt to show that mathematics is part of logic. Part of this was an 
attempt to define mathematical objects (e.g., natural numbers) in purely logical terms. 
Frege’s attempt to do this was in terms of his notion of an ‘extension’ (i.e., his version of 
a class, or a set).  
 

His basic principle, or axiom, governing extensions was his (notorious) Basic Law V, 
which in modern notation is as follows: 
 

(V) ∀X∀Y(ext(X) = ext(Y) ↔ ∀z(Xz ↔ Yz)). 
 

What does this mean? Well, Frege held that predicates such as ‘is red’, ‘is a horse’ or ‘is 
prime’ refer to concepts. Roughly, these are functions from objects to truth-values: e.g., 
‘is a horse’ would refer to the concept that sends horses to ‘the True’ and non-horses (i.e., 
all other objects) to ‘the False’.  
 

However: these concepts are not objects (for Frege); they are a fundamentally different 
sort of entity. (These concepts are often now referred to as ‘Fregean concepts’, to 
distinguish them from other conceptions of concepts, as it were.)  
 

In (V), the upper-case variables range over concepts, and the lower-case ones range over 
objects. Further, ‘ext(X)’ etc. refer to objects. The idea is then that an ‘extension’ is an 
object that corresponds to a concept: in particular, it ‘contains’ exactly those things that 
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the concept applies to (i.e., sends to the True). What (V) says is in effect is that every 
concept X has an extension; and two concepts have the same extension iff they apply to 
just the same objects (‘Xz’ means that X applies to z).  
 

(V) can seem to be a very natural principle. Further, the notion of an extension that it 
characterizes allowed Frege to ‘construct’ natural numbers, as follows. Here I use {a, b, 
c} for the extension whose members are a, b and c; etc. 
 

 0 = {Ø} (i.e., the extension whose sole member is the empty extension); 
 1 = {{the Earth}, {the Moon}, {Barack Obama}, …} (i.e., extension that contains  

every extension that itself contains precisely one thing); 
 2 = {{the Earth, the Moon}, {the Earth, Barack Obama}, …} 
 etc. 
 

So far, so good!  
 
2.2. The Paradox 
 

Unfortunately, as Russell noticed, and kindly wrote to Frege to inform him, this principle 
(V) also leads to a contradiction, as follows.  
 

• Define membership, ‘∈’, as follows: 
z ∈ w iff ∃X(w = ext(X) ∧ Xz). 

• According to this definition, for any concept Y and object z: 
z ∈ ext(Y) ↔ Yz 
(because if z ∈ ext(Y), then by the definition of ‘∈’, ∃X(ext(Y) = ext(X) ∧ 
Xz); but, by (V), if ext(Y) = ext(X), then Y and X apply to the same things; so 
we must actually have Yz; 
conversely, if Yz then it is easy to see that we must have z ∈ ext(Y), given the 
definition of ‘∈’).  

• Consider the concept R expressed by: 
z ∉ z. 

• We then have ext(R) ∈ ext(R) ↔ ext(R) ∉ ext(R). 
 
(A slightly more straightforward derivation of Russell’s paradox is from the ‘axiom of 
comprehension’, which states essentially that for any formula ϕ(x), there is a set that 
contains precisely those objects that ϕ applies to: 
 

• ∃y∀x(x ∈ y ↔ ϕ(x)). 
 

Letting ϕ be x ∉ x gives: 
 

• ∃y∀x(x ∈ y ↔ x ∉ x). 
 

Call the set that this last sentence says exists: r. We then have r ∈ r ↔ r ∉ r.) 
 
The paradox shows that the apparently most natural pre-theoretic notions of extension (or 
set or class or collection or…) lead to contradiction. Since this might seem to be a central 
notion to mathematics, talk of a crisis was natural. Even more worrying is the thought: if 
this apparently straightforward notion leads to contradiction, how can we be sure that 
other apparently straightforward notions don’t have the same problem? 
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2.3. Responses 
 

In the first couple of weeks we will look at the principle responses to the paradox. I.e., 
attempts to give general logical, or mathematical, theories that are (a) sufficient to 
generate a large amount of mathematics, but (b) consistent.  
 

We will start by looking at modern set theory (which might be thought of as the response 
that ‘won’). We will be concerned principally with the philosophical underpinnings of 
this theory: i.e., with the conception of set that underlies it; and we will focus on some 
classic papers by George Boolos, that set out the ‘iterative’ conception of set.  
 

Very roughly, whereas Frege’s conception of an extension is ‘top-down’, the iterative 
conception of a set is ‘bottom-up’.  
 

Some questions: 
 

• which purposes can iterative sets serve, and which can they not? 
• is the iterative conception of set sufficient to justify modern set theory? 

 

We will then look at Russell’s own response: his theory of types.  
 
2.4. Unrestricted Quantification 
 

Can we talk about (i.e., quantify over) absolutely everything that there is? In particular, 
can we talk about absolutely all sets? 
 

This is related to Russell’s paradox because many arguments against the claim that we 
can quantify unrestrictedly are essentially versions of the paradox.  
 
3. Big Pictures 
 

In the second part of the class, we will look at a range of ‘big picture’ approaches to 
mathematics: essentially, over-arching accounts of what mathematics is about. We will 
start by looking at… 
 
3.1. Neo-Fregeanism 
 

This is an attempt to resuscitate something like Frege’s logicist programme—without all 
those problems with (V).  
 

Rather, than constructing natural numbers out of extensions, neo-Fregeans take the 
following principle as basic (‘Hume’s principle’): 
 

(HP) ∀F∀G(the number of Fs = the number of G ↔ there is a one-to-one 
correspondence between the Fs and the Gs). 

 

Neo-Fregeanism starts from the observation that this principle is sufficient to derive all of 
our standard axioms about natural numbers (indeed, that Frege in effect showed this to be 
the case). Neo-Fregeans argue that principles of this general form—‘abstraction 
principles’—have a privileged epistemic status, and can thus help explain our knowledge 
of mathematical objects.  
 
We will also look at structuralism: an attempt to construct a philosophy of mathematics 
starting from the basic idea that mathematics is in some sense ‘about structure’.  
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4. Further Issues 
 

In the third part of the class we will look at a range of further issues.  
 
4.1. Indeterminacy 
 

One of these will be arguments that attempt to use limitative results in logic to show that 
we cannot talk about mathematical objects—or mathematical structures—with anything 
like the sort of univocality, or determinacy, that we usually take for granted that we can.  
 

The key limitative results are the following (knowledge of the results will not be 
presupposed): 
 

Compactness Theorem. Let T be a first-order theory. If every finite subset of T has a 
model, then so does T.  
 

Löwenheim-Skolem Theorem. Let T be a first-order theory (in a countable language). If 
T has an infinite model, then it has one of every infinite cardinality (i.e., every infinite 
size); in particular, it has a countable model.  
 

The compactness theorem entails that any (true) theory about natural numbers will have 
models in which there are ‘natural numbers’ with infinitely many predecessors. 
 

• Consider some such theory, T. 
• For some new name c, add all of the following sentences to T: 

0 < c, 1 < c, 2 < c, …, n < c, … 
• Call the result T*. 
• As long as T is really true of the natural numbers, every finite subset of T* has a 

model (i.e., the natural numbers, where c is just taken to be some very large 
natural number).  

• It follows from the compactness theorem that T* has a model.  
• But this must be a model with non-standard natural numbers (since c must name a 

number with infinitely many predecessors).  
• But then T has such a model (since any model of T* is a model of T).  

 

Thus, any theory of natural numbers will have highly non-standard, apparently 
unintended models. And the Löwenheim-Skolem theorem has similar consequences.  
 

The arguments that we will consider start from something like the following tempting 
line of thought: 
 

• if our best formal theories fail to rule out non-standard models, then why think 
that our characterizations in natural language (e.g., English) do any better? 

• I.e., why think that we have succeeded in referring to a unique natural-number-
structure? 

 


